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ABSTRACT

The paper considers a boundary value problem with the help of the smallest
closed extension L™ :H,—H, X By X --- X B, of a linear operator
L: CHRLY)—~ PRL) X LR X - -« X P(R*~1). Here the spaces H; (the
spaces 4,) are appropriate subspaces of %'(R"%) (of 2'(R" ™), resp.), L(R",)
and C§(R?%)) denotes the linear space of smooth functions R* — C, which are
restrictions on R%, of a function from the Schwartz class & (from C, resp.),
Z(R*"1) is the Schwartz class of functions R*~!— C and L is constructed by
pseudo-differential operators. Criteria for the closedness of the range R(L™)
and for the uniqueness of solutions L~ U = F are expressed. In addition, an a
priori estimate for the corresponding boundary value problem is established.

1. Introduction

We consider semi-Fredholm properties of a non-elliptic boundary value
systeminR% := {(x},..., x,)ER" | X, Z 0}. The corresponding operators are
assumed to be certain pseudo-differential operators. The spaces H, (and 4,),
in which we are working, are subspaces of the distribution space 2’(R”) (of
9'(R*~")). When the weight funtion k is chosen to be k,, s EN, the space H, is
the totality of all the L,(R% )-functions, whose distribution derivative Du also
lies in L,(R"%) for |a| = s (here k(&)= (1 + | E[H)*?).

When the local boundary value system is elliptic (for the terminology cf. [10]
and [12]), the solutions of the corresponding boundary value problem satisfy
some regularity properties and the solution operator obeys certain a priori
estimates. In the case when the local elliptic boundary value problem is
associated with an open bounded, sufficiently regular subset G of R”, the
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solution operator is a Fredholm operator (cf. [10] and [7], pp. 258-274, for
example). These results can be extended for certain nonlocal elliptic boundary
value problems ([12], [6], [4] and [11]). For related results of boundary value
problems we refer to [3], [2] and [9], as well.

We shall deal with a (not necessarily local or elliptic) boundary value
problem in the frames of the smallest closed extension L~ : H, — H of a certain
linear operator

L:CHRY) > SROX PR HX -« X PR,

Here &(R%) denotes the totality of all smooth functions ¢ : R* — C, where ¢ is
the restriction on R” of a function from the Schwartz class &. #(R" ') is the
Schwartz class corresponding the space R"~!. By

H:=Hk°><93,,,x e XQ;,N

we denote the product space which is associated with the given boundary value
problem. We prove a sufficient condition for the surjectivity of the linear
operator £, which can be identified with the dual operator L~* of L™~ through
linear homeomorphisms (cf. Theorem 4.2 and Corollary 4.4). Hence we obtain
a criterion for the closedness of the range R(L~) and for the uniqueness of the
solutions of L~ U = F. This will finally lead us to the validity of a certain a
priori estimate (cf. Corollary 4.5).

2. Definitions and notations

2.1. For the unexplained notions of the distribution theory and for the
definition of the Hilbert spaces 8, ., k € ", we refer to [7]. The space 48, ,(R" )
is that closed subspace of 8, for whose element « it holds, supp ¥ C R”.. Here
we denoted

R™ :={(x},..., x,)ER" |x,, <0}

Similarly we denote R’ := {x ER" | X, > 0}. In the following we write o, =
R, and H(R) = &, (R%).
The space H; (R%) is defined as a factor space

(2.1) Hi (R}) = #,/ #(R)
equipped with the usual factor space topology induced by the norm

2.2) BT lle = inf e
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(here we denoted || u |}x:= || # || 24)-

Assume that T€H_; (R%) and that u;ET. Define a linear mapping
J:HFRV)—=2’RL) by J(T)=ur ln"+ . Then J is an injection. Let H, be the
subspace of 2/(R") given by H, = J(H; (R")) equipped with the topology
induced by the norm ||V ||} := |J'(¥)|l<. Then a distribution V€
2'(R%) lies in H, if and only if there exists f, € 3 such that

(2.3) Vg)=1(9) forallgECF(RY).

Let C§(R") be the linear subspace of C*(R’.) such that for each w € Cg(R%;)
there exists f, € Cy° with the property

(2.9 v=1

Then C§(R?%) is dense in H, (since Cg is dense in ;).
Finally the space &(R%) is defined as the (dense) subspace of H, such that
for each y € #(R%,) there exists f,ESL withy = f, |g, .
Suppose that VEH, and that f,EX, with V=f,
PECF(RY)

R, -

w,. Then for all

| V()| = |fV(¢)| = " fV "k " ¢ " kY s
where k¥ € K such that k¥(&) = k( — £). Hence one has

(2.5) VAI= VI N9l forallge CPR?Y)

and then the topology of H, is finer than the topology induced by 2'(R%)
on H,.

2.2. Let L(x,D) be a linear pseudo-differential operator on C§ with
C*(R" X R")-symbol, that is, L(x, D) is defined (under suitable temperating
conditions about L(x, £)) by

(2.6) (L(x, D)g}x):=Q2m)"" J;. L(x, ﬁ)(g'—(b)(f) ei(c,x)d{

for g€ C and x ER", where & : &’ — &’ denotes the Fourier transform. We
assume that L(x,D) maps C{ into & and that the formal transpose
L'(x,D): C¢— & of L(x, D) exists, that is, there exists a linear operator
L'(x, D): C¢ — & such that

(L(x, D)p, y) := f (L, DNy (x)dx

@7 =(¢,L’(x,D)y) forall g, y ECy.
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For the sufficient algebraic criteria about the symbol L(x, ¢) under which these
assumptions hold we refer to [1].

Let L(-):R"—C be a C*-mapping such that for each a €N} there exist
C,> 0 and u, €R with

(2.8) |DgL(&)| = C(1 + [E"2 =: C,k, (&).
Then the operator L (D) defined by

2.9) Lo =0~ [ LEXFOe

maps Cg into <. The formal transpose L’(D): C¢ — & exists and
Q1) WOV =0 [ L(-FeNE e,

2.3. In the following we write x = (x’, x,) for x =(x,,..., x,)ER". Let
Y. &L — L(R"') (here we denote by & (R”~!) the Schwartz class of functions
R"~!— () be a linear operator defined by

(2.11) o?)(x)=(x’,0) - forx’ER"!
Furthermore, let /,(+), j =1,..., N be C*-mappings R" —C such that
2.12) [(Dgl) &) =Ck, (&) forallfER".

Then the corresponding pseudo-differential operators /(D) map (as we men-
tioned above) C¢° into & and the formal transposes /(D) : C° — & exist.

Denote by o#'(R" ') the class of weight functions 4 : R”~' — R defined in the
same way as the class o of weight functions k: R* —R. Let 2 be in o/(R*~').
The spaces 9, are defined (as the corresponding spaces J in &) as the
totality of all tempered distributions ¥ € #/(R"~!) for which #,_,u lies in
LP(R"') and

172
@13 pul=(@no [ i@ aenera)” <e.

Here #,_, denotes the Fourier transform Z/(R"~!)— &/ (R*~!). The to-
pology in 4, is that of induced by the norm (2.13). One sees that 4, is also a
Hilbert space.

24. Choose k and k, from X and A, j=1,...,N from X (R"™').
The product space (equipped with the standard product space topology)
Hy, X By, X -+« X B, 1s denoted by H.
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Let L(x, D) and /(D) be as in the Sections 2.2 and 2.3 with the following
additional property:
L'(x, D)Blies in C&(R” ) when 0 lies in CP(R%),
(2.14)
(D)0 and (D)0 1lie in C(R") when 0 lies in C@(R?).

As is well-known, the condition (2.14) holds when L’(x, D), [;(D) and /{(D) are
so-called properly supported in R% (cf. [13], p. 43).
Define a dense linear operator L : H, — H with

{D(L) = CHRY),
(2.15)
L¢=(L¢s ll¢a’lN¢) for¢ED(L),
where
{L¢= (L(x, D) fy) |w, ,
(2.16)
l;¢ = v(L(D) fy)-

Here f; lies in C¢ such that ¢ = f; | g, . The operator L is well-defined: Suppose
that ¢ = w. Then due to (2.14) for all § € C(R%) one has

(L(x, D) fo, 6) = (fp L'(x, D)0) = (4, L'(x, D))
=(L(x,D)f,, 0),

and then L¢=Ly. Similarly one sees that /¢=/y, since by (2.14)
L(D)f,=1(D)f,in R%. Hence Lo = Ly.
Furthermore we have

2.17)

LEMMA 2.1. Suppose that there exist g EN, & >0 and C > 0 such that for
alléE = (&, E)ERandj=1,..., N one has

(2.18) L(Ok_ (ENkany+(&n) = Ck(Q).
Then the operator L. : H, — H is closable.

PrROOF. Let {9,}C CE(R%) be a sequence such that with F=
(fo, & -..,8&v)EH one has

| ¢ | =0  withm— oo,

(2.19) N
| Lg, — F || := IIL¢m—ﬁ>IIk*J+_2] I ;i@m — & ls,—0.
P
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We have to show that F = 0.
For all 8 € C(R%) we obtain by (2.5) and (2.14)

(2.20) Jo(0) = lim (L@, 6) = lim (¢,,, L'(x, D)§) =0

(since (L@, 0) = (L(x, D) f;_, 0) = (S, L'(x, D)8) = (¢n, L'(xx, D)B)). Hence
we have f,=0.

Since CP(R™) is dense in #,(R" ) (which is easy to see by using the standard
cutting and regularizing process; cf. also [7], p. 52) we can choose a sequence
{wm} C CP(RZ) such that

(2.21) I fon + ¥ Il —0.

For all (¢, £,)ER" and ¢€ & one has

F,_(yopX &) = fn‘-' ox’, O)e-i(c',xr)dx,
. =en [ #( [l s e e o

— @) f (FONEE.

where we used the Fourier inversion formula (here % denotes the Fourier
transform &’(R)— &’(R)). Applying (2.21)-(2.22) one sees finally that for,all
0’eCPMR" Y

= lim

m->w

@00 [ F8XEIT @O

(2.23) =1lim

m—©

@0 [ F OO f + vaINEF XN |

tim @0)" [[ O + vaX X TN |

= lim 2#x)~"

m—o R"

LOF (S, + wm)(cm_@)(c')] de.
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Here we used the fact that /(D )¢ € CP(R™) for € C(R™), which can be seen
as follows: For all g€ C°(R”)

GO =0 [ LOFHD e

(2.24) =0 [ (- O@F e N e

=(j(D)9*)"(x)

and then by (2.14) /(D) lies in CP(R~) for g€ C(R2).
Using the assumption (2.18) we obtain by (2.23)

1)1 S0 C [ K- qumso &k EMCE)

NF (o + UnXEXF 0N EN A

(2.25) _ 12
senyrc( [+ 16D @ FXOROIE)

([ 120+ vaXOk@Pde) =0 withm =,

and then g;(6")=0 for all ¢’€C(R"™"), that is, g =0. Hence the proof
is ready. O

Let L~ : H, — H be the smallest closed extension of L, that is, ¥« € D(L~) if
and only if there exists a sequence {,,} T D(L) such that with some FEH

| m—ullf =0 withm—oo
and
ILgn—F || =0  with m — co.

We now list the conditions which shall be assumed in the sequel:

1° L(x, D) is a linear pseudo-differential operator C° — & such that the
formal transpose L’(x, D) : CP — & exists.

2° I(D),j =1,..., N are linear pseudo-differential operators Cy° = & with
the symbol /;(£), where /;({) obeys (2.12).

3* L’x, D), [(D) and [{(D), j = 1, ..., N satisfy the property (2.14).

4° The weight function k €¢ and the mappings /(-) satisfy (2.18).
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3. On the solvability of the dual equation L~ *U = F

3.1. Letkand kybein o andlet i, j=1,..., Nbe in #(R"""). In this
section we suppose the assumptions 1°-4° of Section 2 (without any particular
mention). Then we can form the minimal closed extension L™ : H, —H of L.
In the sequel some semi-Fredholm properties of L™ are considered.

Let #.(R%) be the completion of CF(R") in 5. Then we have #4(R%) =
H.(R"), where #(R") is the subspace of J#,, whose elements u satisfy,
supp u C R%.

We begin with the following lemma, which reveals the structure of the dual
space H* of H=H X &), X - - - X B,,.

LEMMA 3.1. Assumethat T is in H*. Then there existst = (o, t,, . . ., ty)E
Hyy (RL) X Bypy X+« + X By Such that

N
3.1) T(®) =1, f) + _2l 1(6)
-

Jor all ®=(¢,0,...,0)EFLR)X LR HYX .- X PR, where
LESL with f,| e, = 0.
Conversely, suppose that t = (ty, t,, . . ., ty) lies in

Ay (RL) X Bype X oo+ X By -

Then the linear form L . PR X LR HX -+« X PR")—C such that
L(®) = to( f,) + Z}\ t;(6;) can be continuously extended onto H.

ProOOF. (A) Suppose that T lies in H*, then for all W = (wy, w;, ..., wy)€E
H one has

N
3.2) T(w)=Twy,0,...,00+ ¥ TO,...,w,...,0).
j=1
The functional T : wy— T(w,, 0, . . ., 0) is bounded in H;, and the functionals

T;:w;—~T1(,...,0,w;,0,...,0)are bounded in %,. Hence one sees that T’
can be written in the form

N
(3.3) T(W) = To(wo) + _;l Ti(wy),

where T,EHE and T,E B}.
(B) For each T; € #7%, there exists ¢; € 8, such that
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(3.4) T.0=1(0) forall§€PR""")

(cf. [7], p. 43). We will show that for each T,€ H}¥ there exists £, € H#,, (R%)
such that

3.5) To(9) = to( f5) for all p€ £L(R"%).

Let T, be in Hf; then forall y € ¥

(3.6) ITow L)l = DTl 1 e 6= BTl Wl
Hence there exists £, € #,, such that

(3.7) Toly

r,)="thly) foralyeS
(cf. [7], p. 43). Since t(y) =10 for all ¥y EC(R™) one sees that #, lies in
Hng (R%) = H#,,,; (R%). Combining relations (3.3), (3.4) and (3.7) we obtain
N
T(®)=t(f) + X 4(6)
j=1

forall®=(9,6,,...,00)ELR)X LR )X - .- X LR"""), as required.

(C) Conversely, we assume that t = (Z, £, . . ., ty) is In 30 (R%) X By X
«++ X By - Then the linear form L given in the assertion is well-defined,
since the relation ¢, = ¢,€ £(R% ) implies that supp( f;, — f;) C R (note that
C¢°(R%) is dense in M, (R%)). We show that

(3.8) (S = to e 1 2 1 forall € #(R%).
In fact we obtain for all ¥ € CF(R")

3.9 [to(f)| = 1t o+ W = N lohune | fo+ ¥ e

and then (3.8) is valid. In virtue of (3.8) we get forall ®=(¢,6,,...,0y)€E
FRHX LPR*HX .- X LR

N
1261 Nl 190+ £ 15 b 16,1
p)
(3.10) N
(Wl + 2 14 Tw) 121
p)

(in the product space H we use the sum-norm || ¢ || + =%, || 6; ||4). Hence
the proof is complete. 0
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In virtue of Lemma 3.1 the linear mapping A : H* = ¢, (R%}) X 8, X
*e X Ql/hnv deﬁned by

(3.11) MDY =(to ty, ..., ty)
is a bijection, since & (R%) is dense in Hy, and (R"~') is dense in 8, .

LEMMA 3.2. The mapping A:H*—=H )y (RL)X By X -+« X By
given by (3.11) is a linear homeomorphism.

PROOF. A is a bijection and by (3.10)
N
(3.12) ITH=Ntolw+ Z 18T =14D].
j=1

On the other hand, for all y € & and 6, € #(R""")
o) = 1TW e 0, NS T v e

3.13)
( < ITH vl

and
(3.14) 14O = 1TO,...,0,....,00= T 6

Hence || &)l = | T\ and || ¢ iwy = | T || (cf. [7], p. 43), which implies
that

(3.15) NADN=N+DIT].
This proves the Lemma. a

As the proofs of the previous Lemmas show, the dual space H¥ of H; can be
characterized in the following way:

LEMMA 3.3. Assume that F is in H¥. Then there exists f€ #,,;-(R.) such
that

(3.16) Fyle)=fw) foralyes.

On the other hand, let f be in X,,-(R"). Then the linear form L : (R,)—C
given by Lo = f( f;) has the continuous extension onto H,.

Furthermore, the linear bijection x : H¥ — #,,~ (R"%) such that k(F) = fisan
isometrical isomorphism.

3.2. Define a linear operator £ : #; (RL) X Bypy X o+ X Bypy —
X, (R%) by the requirement
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D(&#)= {u =(Up, Uy ..., uy)Ein&;(R’i) X Bipy X oo o X By !

there exists f € #,- (R ) such that
(3.17) 4

N
u(L(x, D)¢) + .Zl i (r((D)¢)) = f(9) for g€ CF° } ;

| Lu =f.

Z is closed and (by 1°-4°) densily defined. The connection between operator
2, just defined, and the dual operator L~*: H* — H¥ is given by

THEOREM 3.4. LetA:H*— o, (RL)X Bypy X+« + X By and x: Hf —
X, .- (R™) be the linear homeomorphisms given in Section 3.1. Then one has

(3.18) L =KoL %)™\

PrOOF. (A) Assume that UED(L™*) and L™*U =F, that is, UEH*
such that

(3.19) UL~v)=Fv forallvED(L™)

with some F € H¥. Then due to Lemma 3.1

(3.20) Uy

N
) Oy, ..., 00)=uly)+ Zl uj(ej)
=

for all W, 0,...,,00)ELXFR"NHX -+ X LR, where
(up, Uy, . . ., uy) = AU. Hence for all y €Cp

UL |,)) = UL X, DW) | e, » (DWW, - . ., 7(In(D)p))
(3.21)

N
= u(L(x, D)y) + 2‘ w; ([ (D)y)).

ij=

Similarly one sees that for all y € C¢

(3.22) Fy |w,) = &F)W):= fly),
where /= kF. Since by (3.19)
(3.23) UL |e)=F |g,) forallyeCy,

we get from (3.21)-(3.23) that AUED(Z) and that L(AU) = f=«F. This
shows that D(k cL~*0oA~!) C D(%) and that Lu = (k cL~* oA~ "u for all
UED(KL~*0A™ ).
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(B) Let u be in D(Z) and let Lu = f. Then for all g€ C(R%})
A7 'u)Lg) = (A u)(L(x, D)) |we, » (D) fp), - . -, »olIn(D) )

N
= (L0, DYf) + 2 (14D Jp)
-

329 = f(fy)

= (k7' f)(9)-
Thus for all vED(L™)
A u) L) = (k' /)0),

that is, A"'u€D(L"~*) and L~*(A~'u)=«""f. This shows that D(£)C
D(x oL~*c4~!) and so the proof is ready. 0

Since x and A are linear homeomorphisms and since the range R(L™*) is
closed if and only if the range R(L™) is closed (for the general theory of closed
dense operators cf. [8], pp. 163-236), one obtains

COROLLARY 3.5. The range R(L™) is closed in H if and only if the range
R(Z) is closed in Y, (R").

Furthermore, it is easy to see

COROLLARY 3.6. Suppose that R(%) is closed. Then one has

(3.25) dim N(L™) = codim R(Z2),
(3.26) dim N(&) = codim R(£ ™)
and

(3.27) ind(L~) := dim N(L~) — codim R(L~) = — ind(&#).
Here N(L™) (and N(&)) presents the kernel of L™ (the kernel of &, resp.).

Combining Corollaries 3.5 and 3.6 one sees that L™ is a (semi-)Fredholm
operator if and only if & is a (semi-)Fredholm operator. The following
Corollary is also obvious

CoROLLARY 3.7. Suppose that R(Z) is closed. Then the relation

(3.28) R(ZL) = Hi- (R?)
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is true if and only if
(3.29) N(L~)={0}.

Similarly, the relation

(3.30) R(L™)=H
is true if and only if
(3.31) N(@)={0}.

3.3. The existence of solutions £u = fcan be characterized in the follow-
ing way:

THEOREM 3.8. Let u = (uy, uy, ..., uy) be in i, (RL)X By X +++ X
By and let fbe in K, (R”). Then u lies in D(¥) and Lu = fif and only if
1€ D(L*) and one has

N
(3.32) F(L uy— )+ '21 @2m) == ENF - )& =0,
J-

a.e.t=(&,¢,)ER". Here the operator
L*: e — U #,
kex

is defined by
D(L*) = {vE K, | there exists f€ Uy H#, such
(3.33) that v(L(x, D)¢) = f(¢) for all € Cy},
L*y=f.

ProOF. (A) Suppose that for all € C§ one has
N
(3.34) uyL(x, D)¢) + .Zl w(¥([(D)P)) = f(9).
=
For all g€ C® we have the estimate

N
lu(L(x, D)9)| = | f(9)] + -21 |u(yo[(D)))|
j=

(3.395) N
Sh o+ ‘21 I o W vy 1| YolL(D)®) |1,
-
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In virtue of (2.22)
I %G 14

=m0 [ 1F GO
(3.36) 2
s [ ([ e o@oe o) inerde
=Clsli,
where m is chosen so large that
OB kamen(&) S Chn(&)  for all EER”.

Due to (3.35) and (3.36) one sees that the linear functional ¢ — uy(L(x, D)¢) is
bounded in some space #;.. Thus one can find an element g € ;.- such that

uL(x,D)p)=g(¢) forall pECP,
thatis L*u,=g.
By the relation (3.34) we obtain

N
(.37 L*u— NP+ I w((D))=0 forallpeCp,

i=1

and then by (2.22)

N -
L*u— )+ Qr)~"~Y | T (Fa X&)V F - o[ (DYONENE’

j=1

N
= @ru- N+ [ 3 Euxe)

([ p—eoxFon- e, nar) de
(3.38)
=@ [ F L uo— FXuXF O~ n)in

N
+Q2n)™" o _EI (F— ) EN(= &, — ONF N &', —v)dtdl’

=0.

Thus we get the validity of the relation (3.32).
(B) Conversely, suppose that the relation (3.32) holds. Multiplying (3.32) by
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(2n) ~"(F o)X — n) and integrating over R” one sees by (3.38) that u lies in
D(%#) and that Lu = f. Hence the proof is complete. (I}

3.4. Recall that the boundary operators /(D) satisfy the condition (2.14).
Then (cf. (2.24)) one sees that

L(DYECPRL)  for pECF(R™) and
(3.39)

LDWECFRY)  for pECFRY).
Let u be in D(%) and let Lu = f. Then i, lies in D(L*) and
N
(3.40)  (L*up— f)9) + .21 u(p(i(D)$)) =0  forall g€ Cy.
-

Hence one sees by (3.39)-(3.40) that
(3.41) supp(L*u,— f) C R} := {x ER" | x, = 0}.

LEMMA 3.9. Suppose that © lies in CP(R) and define © : R"—C with
O(x,, ..., x,)=0(x,). Then for each kEX"

(3.42) 181 = 18 lia:llllc  forall p€Cp,
where the function M} : R— R is defined by
t(=M(0,0,...,0,1)
(M EX is defined as in [7], p. 34).
ProofF. Forevery & = (&, £,)ER” one has
(3.43) FONE = [ BWF N, e,
where #’ is the partial Fourier transform defined by

(3.44) @Eoxenn= [ o, nedy.

Hence we get
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7O~ [ (<2n)-‘ I (f,e)(s)ew»nds) (FONE, e~ Ny
(349) =00 [ (FONIF(F N, W& —5)ds

=00 [ (FONNFINE, & — i
Forall £ = (&, £,)ER" and s ER we have
(3.46) k(&) =M(0,...,0,5)k(¢, & —5) = M{(s)k(E', & — 5).
In view of (3.45)~(3.46) one obtains

f I F OO,
2
(3.47) é(znw( [ |(ze>(s>Mz(s)sds) [ 1@oxe, ok, ora
R R

— 1812 [ 1FoXE, K&, e
R

and then we can conclude the validity of (3.42) by integrating both sides of
(3.47) with respect to &’ (after multiplying with (27) ~®~1), O

Let g be in 7, with supp g C R{. Furthermore, let § € C°(R) with §(x) =1
in the interval [ — 1, 1]. Then one sees that dg = g. Since 8¢t™ (with m €N) lies
in C{(R) we obtain by (3.42) that

(3.48) X7 N = Il 6™ lians 1 & e
Furthermore we have

CoROLLARY 3.10. Let u=(upuy,...,uy) be in Hy (RL)X By
X+ v« X By and let f be in H ;- (R%). Then u lies in D(L) and Lu = fif
and only if uy€ D(L*) and with each m EN, one has

(3.49)  FM(L*u— HNE) +(2m)~! -21 I (ENF, - X&) =0

a.e.&=(&, ¢,)ER", where

I = D7)~ &)

ProoF. (A)Due to Theorem 3.8 the validity of (3.49) (with m = 0) implies
the validity of Lu = f.
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(B) Conversely, suppose that £u = f. Then by (3.37) we have for each
meN,

N
(3.50) (L*uo— f)x7'9) + ;1 w(r(;(DYx9)) =0  forall g€ Cp.

Hence for all g€ C¢° (cf. (3.38))
0= [ F (Lo — NIXF O 1)
R
+eu= [ [ @, oF e -8, — e de
R R
(3.51) =(L*uy— f)x7'9)

v 3 [ [ @ )-8 0FGroN - ¢, - ndrde

j=1
N
= (L*uy— f)x79) + 21 w(yol[(D)(xy' 8))) = O,
-
since by partial integration

f I, (X F PN — &, — t)dt = f (=&, — ODMF PN — &, — t)dt
R R

- [ - - oF o -, — .
Thus the assertion follows from (3.51). 0

3.5. Suppose that u = (uy, Uy, ..., Uy)ED(L) and that Lu =f. Let k’'E
A such that L*u, — f€ #, and choose { EN, with

(3.52) (1/k’) = Ck,.

LEMMA 3.11. Suppose that g lies in #,. such that supp g C R}. Then
(3.53) F(x,gl&)=0 ae lER"
where t EN, obeys (3.52).

Proor. We obtain for all ¢ and w € C and for all 6€ CP(R")
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| (xx 8X9) — g(W)| = |g(x; 8) — g(W)]
(3.54) Slglelxe—v—0|u-

=Cllglewllxio—w—0]
and then

(3.55) (8B — W =C g llell o — ) e, I,

where | - ||, denotes the norm in the Sobolev space H'(R%) (cf. [5], p. 39).
Since x} ¢ |g, lies in H{(R") there exists a sequence {y;} C CP(R%) such
that || (x; 0 — ¥) |, |, =0 with j—co. Because g(y;) =0 for each jEN
we obtain by (3.55) that (x. g)(¢) = 0 for each ¢ € Cg:, that is, x! g = 0. Thus
the proof is complete. a

The next Theorem follows immediately from Corollary 3.10 and Lemma
3.11.

THEOREM 3.12. Suppose that u = (ug, uy, ..., uy) lies in H, (RL) X
Bipy X +++ X By and that f lies in A, (R%). Then u lies in D(£L) and
&Lu = fifand only if uy€ D(L*) and

(3.56) supp(L*u, — f) CRg,

N
(357 FerLPu— O+ Cm)~ T IMENF- X&) =0

=1

ae &=(¢,E)ER, whenme(0,...,t— 1} and
3.58) 3 IMEFE_u)E) =0 ae &=(& E)ER", whenmz1.
j=1

Here t EN, is chosen so that (3.52) holds.

The condition (3.58) is interesting because it restricts the partial derivatives
I"(£) of the symbols of the boundary operators /(D).

4. On the correct solvability of the equation L~ U = F

4.1. In this section we establish a criterion for the validity of the relation
R(&L) = #,,-(R%). This is utilized to obtain the coercivity of L. For the first
instance we consider the existence of distributional solutions for the equation

(4.1) L*»=f iR}
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with vE M, (R ) and f € A~ (R”, ). More precisely, we give a criterion under
which, for each '€ 3, (R%), one can find v€ 2, (R?) such that

4.2) v(L(x,D)p)=flgp) forallpECP(RL).

We have to set many kinds of further assumptions besides the general
assumptions 1°-4°, We denote L¥v = fwhen (4.2) holds.

The following theorem is an immediate consequence of the Lax-Milgram
Theorem (cf. [5], p. 41).

THEOREM 4.1. Suppose that there exist constantsc >0, C >0, and C’ >0
such that for all y, € C(R%)

(4.3) |, L, DY) S C ¥ o | @ Nl viker

4.4 16, Lx, D))l zc | ¢)|tn, SorallpECP(RY)
and

4.5) k = C'(1/ky).

Then for each f &€ - (R") there exists a unique vE H,,, (R") such that
(4.6) Liv=f.

Suppose that L(x, D) satisfies the property
4.7) L(x, D)pE CF(R™) for p€ CP(R).

Let vE o, (R%) and let f€ H#,~ (R",) be elements such that (4.6) holds and
vED(L?). For all g€ CP(R™) one has

(4.8) (L*v— fX9) = v(L(x, D)¢) — fig)=0,
and then
4.9 supp(L*v— f) CR;.
4.2. Define a determinant D(&) by
=8 - (=9
(4.10) D& = |:

NG )

Let F,,;({) be the algebraic component of /"1({) in the determinant D(¢).
Assume that D(&) # 0 for all ¢ ER". We show
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THEOREM 4.2. Suppose that one can find weight functions k' and k,,; EX
(for(m,j)€{0,...,N—1} X {l1,...,N}) such that with K and C >0
4.11) | Fi($)D(&)| éKlEmj(é) forallEER™,

(4.12) (1/k’¥) = Cky,

Jor each element f€ #,,- (R",) there exists an element vE H#,, (R",) N D(L¥)
with

(4.13) L*v— fe A and supp(L*v— f)CRS,

(with y > 0)

4.149) y(VUh (&)= (fn (K&, tYkn (&, t))zdt)l/2 a.e.’ER"!
and

(4.15) IN(&=0  forallZER", jE{L,...,N}.

Then the relation

(4.16) R(ZL) = H- (RY)

holds.

PrOOF. (A) Let @be in C{° such that 8(0) = 1. Define functions 6, € CZ by
6,(x) = 6(x/I). Suppose that fis in - (R%). Choose vE H#],, (R%) such that
(4.13) holds. Let g be a distribution in ¥, such that g = L*v — /. Then one has
supp g C R,

With each / EN and m €Nj the distribution 6,x” g has a compact support in
R". Hence its Fourier transform #(6,x"g) lies in C*(R"). Define for j€
{1,..., N} functions w/ € C*(R") by

N-1
@17) W) =— T Qr)— D)"F(O)F(0,x7gNEVD(Q).

m=0

Then by the Cramer rule one has
N
(4.18) FOx7e)0)+ L Qr) (w5 =0
j=1

forall (ER"and mE€(0,...,N —1}.
(B) In view of (4.18) one gets
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N N N
14— X0 = by £ 1= 0wi(@) + T 1m0
j= j= j=1

N
(4.19) =(@2n)#F(6,x,8)&) + Zl (W)

=0
for all £ER". Similarly we see by (4.18) that with each 0 =m =N — 2 the
relation
N

(4.20) ¥y 1]!’"1(6)(D,,w} )&E)=0 foralléER”

Jj=1
holds.

In virtue of Lemma 3.11 (with each / €N) we get

(4.21) FOxNg)E=0 forall EER".

Since lj[”](é) = 0 for all ¢ ER" we obtain by (4.18)

N N
2 LTHEXD)(8) = Dy < ) 1}”“"(¢)W}(¢‘)> - ﬁl (W)
i= = -
N
“.22) = QmFORENE) + T Q)
=0
for all £ER".

Let & be in R” !, Since D(&’, t) # 0 for all £ ER, one sees by (4.20) and
(4.22) that
(DW/X&,t)=0  foralltER
and then

(4.23) Wi(E', £)=Wi(&,0)  foralltER.

(C) Let © be in C§ such that ©(x) = 1 for all x €[ — 1, 1]. Define functions
W/ :R"~'=Cby

(4.24) W) =W, 0).
Then we get by (4.14), (4.23), (4.11), (4.17) and (3.36)
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PIWE) — WENNAU/hy (E)?
= fk |05/(&", 0) — Wi(&", ONK'(E", 1)/ Ki(&', 1)) VPt

@25) = f 103(& 0 = W& ONE, (2, ) Pl

N—-1
=K’ X RI(-?"'(t‘)zx,'."g)(é’, 1) — F(O:x7 gN &', k(L' t)|7dt

m=0

N- a
~k'3 [ 1(#@x70 - 0N&, K&, O,

m=0

where 8 : R —R is defined by 6(x,, ..., x,) = 6(x,). Hence by integrating
over R” ! one sees by (3.42) that

7 [ 1B = B IR (€
(4.26) N-1
=KQ2n)" L 16" |t | g — 68 |7

m=0

Since || ;g — g || is tending to zero with / — oo, we obtain by (4.26) that there
exists an element W, € L(R" ') such that

@2 [ IMEh @) - =0 with =,

Hence one can find a subsequence {%//h;" } of {%!/h,"} such that

(4.28) WEN—~hY (EW(E) ae.inR"!
and
(4.29) F(6,8X8)—>(#g)¢) ae.inR

(since || 6,8 — g ||i-— 0 with / — c0).
Thus by the relation (4.18)

N
(4.30) (Fe)&)+ T IM(EW(EHR(§)=0 ae.inR".
j=1
Since #;belongs to L,(R" "), the distribution generated by the function ¥;4,"
lies in &/(R" 7). Let w; be in &(R"~") such that &, . ,w; = (27)W;h;" . In virtue
of (4.30) and Theorem 3.8 we obtain that (v, w,, . . . , wy) lie in D(%) and that
ZLu = f. Hence R(L) = H# ;. (R2). n|
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REMARK 4.3. For all /EN one has (cf. the proof of the inequality (4.25))

PIW/ (&N 11k (€)?
(4.31) - )
=K* 3 . | F(Ox70,g)(&, k(& 1)\ dt.

m=0

Hence the distributions w; obey

N-1

172
TP (K/y)( S 16 [ llgl )

m=0
(4.32) N-1 12
=<K/y)( 3 160" i IIL“v—fII;%:) .

m=

COROLLARY 4.4. Suppose that

(4.33) | L, DY | SC || 0 |y  Jorall 6ECFRY),
43) 1w, L&D =CIY il @ lline  Sorally, € CPRY),
(4.4) (6, L(x, D)) Zc || ¢ llix, SorallpECF(RY),

(4.5) k = C(1/ky),

(4.34) k = Cky,

4.11) D(&)+#0 and |F,j(&)YD(&)| =Kk, (&)  forallEER",

2
(4.14) y(l/h,.(c'))§< fn(l/km,-kv)(é’,t))zdt) a.e.inR"!

and

4.15) lj!”](é)=0 forall¢ER™, jE{1,...,N}.
Then
(4.16) R(&L) = H - (RL).

PrOOF. In virtue of (4.3), (4.4), (4.5) and Theorem 4.1 one obtains that for
each f€ i, (R") there exists vE H#],, (R%) such that L v= f.

Let {¢,} be a sequence in C°(R% ) such that || ¢, — v ||y — 0 with n — o0.
Then by (2.14) and (4.33) the sequence {L’(x, D)¢,} lies in C’(R% ) and itisa
Cauchy sequence in the space 4, (R%). Let h€x, - (R%) such that

| L(x, D), — h ||\~ — 0. It is easy to see that 2 = L*v and then the distribu-
tion g:= L*v— f lies in 5~ and supp g C R%. Hence the assumptions (4.34),
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(4.11), (4.14) and (4.15) give in virtue of Theorem 4.2 the validity of (4.16). O

COROLLARY 4.5. Suppose that the assumptions of Corollary 4.4 hold. Then
there exists a C > 0 such that

N
@) el sc(1Le Wl + S i)

for all € CE(R?%).

ProoF. Since by Corollary 4.4, R(Z) = #,, (R"), the Corollaries 3.5 and
3.7 imply that R(L™) is closed and that N(L~)=0. Hence there exists a
constant C > 0 such that

lulld = |L7u|| forallu€D(L™),
which implies the validity of (4.35). a

4.3. Let L(-) be a polynomial R" —C. Furthermore, suppose that there
exists k EX and h; €E(R" ") such that

(4.36) |L(&)| =CKY(&E) and ReL(&)=ck¥ (&)  forallEER?,

a(l + &) %k_(&) = k() =B+ &) h (&) forall & = (&, &,)ER”
(4.37)

and
(4.38) h(&)V =k (&) forall&’eER !

with some constants a >0, # >0, r EN and ¢ EN. The boundary operators
(D) we assume to be the operators defined by [(D)=D}"!, j=1,...,r.
Then it is clear that our general assumptions 1°-4° are valid (with respect to k,
L(&and & j=1,...,r).

Let ky and k,,; be defined by kg = 1/k and k,;(£) = (1 + &)~ Then
one has

| LDYE || fur = 2m) =" fw |L(— EXFON/K(— )AL

(4.39) SCIOIE=Cl8 |k forall SECE,
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|(w, L(D)¢)| = (27)~" fw (FYNEL(ENF UL AL

(4.40) sClyllelel
=Clvlmll ol foraly,s€Cp,

(8, L(D)9)| ZRe(p, LIDY)Zc [|plli=c || @i, forall peCP.
(4.41)

In addition, we have

G- (G=DEY,  igj—1
1(&) =

0, i>j—1
and so
=& e !
(4.42) D(&) = 0 -1 ‘('—1):(—5,.)"2
0 0 ... (——1)".'(r—1)!
=(—DC"V(l...r —1))=:a#0 forall EER"
and

(4.43) | Fpi(&)| S C(1 4+ &)~V =Ck, (&) forall (ER".

In virtue of (4.37) we obtain
| i, yva

(4.44) = (1/C) f (Uhy(— ENALL + 1) =D+rygy
R

=:p¥(1/hy (&))*  forall&ER .
Hence all the assumptions of Corollary 4.4 are valid and then

COROLLARY 4.6. Suppose that L(-) : R* —C is a polynomial and that k is
in X such that there exist q and N €N with

(4.36) |L(&)| = Ck(&) and Re L(&)Z ck*(S),
4.37) a(l + &)k _(E) = k(&) = (1 + EDh(E)

and
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(4.38) hi(&) = k(&)
Jorall & = (&, &,)ER". Then there exists a constant C > 0 such that
@ 1ol SC(ILOBIA+ S 10
j=
Jor all p€ CH(R%).

In the case of the Laplace operator L(D) = D? + D} thp weight functions k
and h; can be chosen to be k(&) = (1 + |¢|»)2 and A (&) = (1 + &)
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