
ISRAEL JOURNAL OF MATHEMATICS, Vol. 63, No. I, 1988 

ON SEMI-FREDHOLM PROPERTIES 
OF A BOUNDARY VALUE PROBLEM IN 

BY 

J O U K O  T E R V O  

Depar tment  o f  Mathemat ics  
University of  Jyvdskyld, Seminaarinkatu 15, SF-40100 Jyvdskyld, Finland 

ABSTRACT 

The paper considers a boundary value problem with the help of the smallest 
closed extension L ~ : H k ~ Hko × gab, × • • • × ~hN of a linear operator 
L : C~)(R~.) ~ 5e(R~_) × ~(R n- 1) × . . .  X ~9°(R n- ~). Here the spaces Hk (the 
spaces ~h) are appropriate subspaces of ~'(R%) (of ~'(R n- t), resp.), Ae(R~.) 
and Ct~)(R~.)) denotes the linear space of smooth functions R n ~ C, which are 
restrictions on R~. of a function from the Schwartz class ~' (from C~ °, resp.), 
~9,(R ~- 1) is the Schwartz class of functions R n -i__, C and L is constructed by 
pseudo-differential operators. Criteria for the closedness of the range R (L ~) 
and for the uniqueness of solutions L ~ U = F are expressed. In addition, an a 
priori estimate for the corresponding boundary value problem is established. 

1. I n t r o d u c t i o n  

We consider  semi-Fredholm propert ies  o f  a non-elliptic boundary  value 

system in R~ : =  {(Xl . . . . .  xn) E R n [xn -->_ 0}. The  corresponding operators  are 

assumed to be certain pseudo-differential  operators.  The  spaces Hk (and ~h) ,  

in which we are working, are subspaces o f  the distr ibution space ~'(R~_) (of  

~ , (R~-  1)). When the weight funt ion k is chosen to be ks, s ~ N, the space Hk is 

the totali ty o f  all the L2(R~_ )- functions,  whose distr ibution der ivat ive D~u also 

lies in Lz(R~_) for l a I --< s (here ks(~) = (1 + I~ 12)s/2). 

When the local boundary  value system is elliptic (for the terminology cf. [ 10] 

and [12]), the solutions o f  the corresponding boundary  value problem satisfy 

some regularity propert ies  and the solution opera tor  obeys certain a pr ior i  

estimates. In the case when the local elliptic boundary  value problem is 

associated with an open bounded,  sufficiently regular subset G o f  R ~, the 
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solution operator is a Fredholm operator (cf. [10] and [7], pp. 258-274, for 
example). These results can be extended for certain nonlocal elliptic boundary 
value problems ([12], [6], [4] and [11]). For related results of  boundary value 
problems we refer to [3], [2] and [9], as well. 

We shall deal with a (not necessarily local or elliptic) boundary value 
problem in the frames of the smallest closed extension L ~ : Hk ~ H of  a certain 
linear operator 

L : C¢~)(R'~)~ 5e(R~.)X ~ ( R  n- ' )  X . . .  X 5e(R"-').  

Here Ae(R~_) denotes the totality of all smooth functions ~ : R" -~ C, where ¢~ is 
the restriction on R~. of  a function from the Schwartz class ~ .  ~ ( R  ~- i) is the 
Schwartz class corresponding the space R ~- ~. By 

H :=  Hko X ~'j,, X • • • X ~h,  

we denote the product space which is associated with the given boundary value 
problem. We prove a sufficient condition for the surjectivity of  the linear 
operator .~, which can be identified with the dual operator L ~* of L - through 
linear homeomorphisms (cf. Theorem 4.2 and Corollary 4.4). Hence we obtain 
a criterion for the closedness of  the range R (L ~) and for the uniqueness of  the 
solutions of  L - U - - F .  This will finally lead us to the validity of  a certain a 
priori estimate (cf. Corollary 4.5). 

2. Definitions and notations 

2.1. For the unexplained notions of  the distribution theory and for the 
definition of  the Hilbert spaces ~2,k, k E ~atC, we refer to [7]. The space ~2,k(R ~_ ) 
is that closed subspace of  ~12,k for whose element u it holds, supp u c R~. Here 
we denoted 

: =  { ( x , , . . . ,  n I xn < 0} .  

Similarly we denote R~. : = {x E R n I x~ > 0}. In the following we write JC/~k ---- 

~2~ and ~k(R~_) = ~,k(R~_). 
The space H~" (R%) is defined as a factor space 

(2.1) = 

equipped with the usual factor space topology induced by the norm 

(2.2) ][ T = inf  [] u Ilk 
u E T  
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(here we denoted II u II k : -  II u II 2,k). 
Assume that TEHE(R%) and that urET .  Define a linear mapping 

J :  H~" (R%)-* D'(R$) by J(T) = ur [~"+. Then J is an injection. Let/ark be the 
subspace of D'(R%) given by Hk --J(H~" (R~)) equipped with the topology 
induced by the norm [[ V llk + := IlJ-~(v)II~. Then a distribution VE 
D'(R%) lies in Hk if and only if there exists fv E atgk such that 

(2.3) V(¢) -- fv(O) for all 0~  C~°(R~.). 

Let C¢~)(R~.) be the linear subspace of C®(R%) such that for each ~t E C(~)(R%) 
there exists f~ E C~ with the property 

(2.4) 9 / =  f~ In'+. 

Then C(~)(R~.) is dense in Ilk (since C¢ is dense in a~k). 
Finally the space b°(R%) is defined as the (dense) subspace of Ilk such that 

for each ¥ E 9'(R~.) there exists f~, E b ° with ¥ = fv, I R'+. 
Suppose that V EHk and that fvEaqPk with V = fv JR'+. Then for all 

~EC~(R~) 
I V(O) l = IA(O) l --< II h II k II ~ II ,,~v, 

where k v EK such that kv(~) = k( - ~). Hence one has 

(2.5) I v (¢) l  _-< II V l l~  + II ~l l , ,k v fora l l~bEC~(R~. )  

and then the topology of Hk is finer than the topology induced by ~'(R~.) 
on Hk. 

2.2. Let L(x, D) be a linear pseudo-differential operator on C~ with 

C®(R" × R" )- symbol, that is, L(x, D) is defined (under suitable tcmpcrating 
conditions about L(x, ~)) by 

(2.6) (L(x, D)tk)(x) := (2~)-" f r  L(x,  ~)(~¢)(~) e'(:~)d~ 

for ~ ~ C~ ° and x ~ R", where #" : ~ '  ~ ~ '  denotes the Fourier transform. We 
assume that L(x ,D)  maps C~ into ,9° and that the formal transpose 
L'(x, D) : C¢ ~ b a of L(x,  D) exists, that is, there exists a linear operator 
L '(x, D) : C~ ~ b a such that 

(L(x, D )¢, ¥) := .f~. (L(x, D )fb)(x)¥(x)dx 

(2.7) 
= (fb, L'(x,  D)¥) for all ¢, q/~ C~. 
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For the sufficient algebraic criteria about the symbol L (x, ¢) under which these 
assumptions hold we refer to [ 1 ]. 

Let L(- )  : R" - - C  be a C®-mapping such that for each a ~ N ~  there exist 
6". > 0 and #~ E R with 

(2.8) IDgL(~)I ~ C,(1 + 1~12)~-/2 =:  C~,k,,.(~). 

Then the operator L ( D )  defined by 

(2.9) (L (D)•)(x) = (2n) -" ~R" L ( ~)(::q~)(~) e .i(¢:')d~ 

maps C¢ into 5e. The formal transpose L ' ( D )  : Cd ~ --, 6e exists and 

(2.10) ( L ' ( D ) O ) ( x )  = (2n)-"  f L(  - ~)(~q~)(~)e'(¢-~)d~. 
, . I  R • 

2.3. In the following we write x = (x', x,)  for x = (x~ . . . . .  x , ) E R " .  Let 

~'0 : 5e ~ 5~(R"-~) (here we denote by ~(R"-1)  the Schwartz class of functions 
R " - ~  C) be a linear operator defined by 

(2.11 ) (7o¢)(x') = ~ x ' ,  0) for x '  ~ R" - 1 

Furthermore,  let / /( .  ), j = 1 . . . .  , N be C®- mappings R" --- C such that 

(2.12) I (D~/j)(¢)I _-< C~k~(¢) for all ~ e R " .  

Then the corresponding pseudo-differential operators l j (D) map (as we men- 
t ioned above) Cd ° into S~ and the formal transposes l j (D)  : C y  ---" 5P exist. 

Denote by JC('(R" - 1) the class of  weight functions h : R"-  ~ ---, R defined in the 
same way as the class ou: of weight functions k :  R" --* R. Let h be in .~ (R"-  ~). 
The spaces ~h are defined (as the corresponding spaces ~ in 6e') as the 
totality of  all tempered distributions u ~ S¢'(R "-~) for which ~ , - l u  lies in 
LIOC(R, -i) and 

( f (2.13) II u [Ih:= (2~) -("-1) I ( ~ _ l u ) ( ~ ' ) h ( ~ ' ) 1 2 d ~  ' < o o .  
l l n  - ! 

Here ,~_~ denotes the Fourier transform 9 " ' ( I 1 " - 1 ) - - , ~ ' ( R " - 1 ) .  The to- 

pology in Nh is that of  induced by the norm (2.13). One sees that Nh is also a 
Hilbert space. 

2.4. Choose k and /Co from ~'~ and hi, j = 1 . . . .  , N from o~f(ll"-l). 
The product space (equipped with the standard product  space topology) 
Hk0 X Nh, X • • • X Nh, is denoted by H. 
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Let L(x,  D) and lj(D) be as in the Sections 2.2 and 2.3 with the following 

additional property: 

L'(x, D)O lies in C~(R~.) when 0 lies in C~(R%), 

(2.14) [17(9)0 and lj(D)O lie in Cd~(R%)when 0 lies in C¢(R~_). 

As is well-known, the condition (2.14) holds when L'(x, D), lj(D) and I](D) are 
so-called properly supported in R% (cf. [13], p. 43). 

Define a dense linear operator L : Ilk --" H with 

(2.15) l D(L) 

[L¢ = (LO, 1,0 . . . . .  luO) for O~D(L), 

where 

I LO = (L(x, D)f,)IR"., 

(2.16) (/j ¢ = 7o(L (D) f~). 

Here f~ lies in Cg such that ¢ --- f~ lie+. The operator L is well-defined: Suppose 
that ¢ = ¥. Then due to (2.14) for all 0 E Cd°(R]) one has 

(L(x, O)f~, O) = (f¢, L'(x, D)O) = (f~,, L'(x,  D)O) 

(2.17) -- (L(x, O)f~, 0), 

and then L~)---L¥. Similarly one sees that l jO=ljv,  since by (2.14) 
lj(D)f, = lj(D)f~, in R%. Hence L0 = LV. 

Furthermore we have 

LEMMA 2.1. Suppose that there exist q ~N,  e > 0 and C > 0 such that for 
a//~ = (~', ~,)~Rn andj  = 1 , . . . ,  None has 

(2.18) lj(¢)k_q(¢')/qv~)+,(¢,) _-< Ck(¢). 

Then the operator L : I l k  ~ H is closable. 

PROOF. Let {¢m}C C(~)(R~_) be a sequence such that with F =  
(f0, gl . . . . .  g ~ ) E H  one has 

19) I II0mllk +--'0 
(2. ! II L0m - F II := 

with m ~ ~ ,  

N 

IIL m --foIl  + X II --gj 
j - I  
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W e  have to show that F = 0. 
For all 0 ~ Cd°(R~) we obtain by (2.5) and (2.14) 

(2.20) f0(0) = lim (LOre, 0 )=  lim (Ore, L'(x, D)O)= 0 
f f l ~ 0 0  f f l ~ 0 0  

(since (Lfbm, O) = (L(x, D ) f,., O) = ( f~., L'(X, D )O) = (Ore, L'(X, D )O)). Hence 
we have fo - 0. 

Since C¢(R~_) is dense in ~k(RS) (which is easy to see by using the standard 

cutting and regularizing process; cf. also [7], p. 52) we can choose a sequence 

{~um} c C¢(R5) such that 

(2.21) IIf~. + v/. I1~---o. 

For all (~', ~,)ER ~ and ~ '  one has 

.~. - ,(?o~)(~') = f _ ,  O(x', O) e i ( ~',x') d x  t 

.JR 

(2.22) 

-- ( 2 n ) - '  f,, (~'¢)(Od~. 
where we used the Fourier inversion formula (here ~ denotes the Fourier 
transform ~'(R)--- ~'(R)). Applying (2.21)-(2.22) one sees finally that for, all 
0,~ C¢(R ~-' ) 

I gj(0') I -- lira I (/j ~,, 0') I 
m~CO 

-- ,,-~lim (21r)-" J f r  ]J(~)J(f~' + Ym)(O(~-'O;)(~')d~'l 

LI - I  _-< lira (2n)-" lj(O.~(f~. + ~m)(O(~-,O')(~') d~'. 
m ~  ~ a 
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Here we used the fact that / j (D)¢E C~(R~_) for ~ C~(R~_), which can be seen 
as follows: For all ~ E C~(R ~_) 

(2.24) 

(/i(D)O)(x) = (2n)-n fR"/j(¢)(~ro)(¢) e'(¢'X)d~ 

= (27r)-~ fro" lj( - ¢ ) ( J O  ~)(¢) e'(¢,-x)d¢ 

= (l;(O)~ ~) ~(x) 

(2.25) 

I gy(O') I ~ (21t) - ' C  JR" k-(°n)+')({")kq( ¢')k(¢) 

• I . ~ ( f ~ .  - t - ~ m ) ( ¢ ) ( . ~ n _ , O ' ) ( ~ ' ) l d ~ '  

_-< (2r t ) -nc ( f R  (1/((1 + I Cn 12)t°/2'+~'))1 ( .~_ ,  0")( ¢ ' )k.( , ' )  12d¢) '/2 

• I ,~(f~. + ym)(¢)k(~)I ~ ~ 0 with m ~ m, 

and then gy(O')=O for all 0'EC~(Rn-~), that is, & = 0 .  Hence the proof 
is ready. [] 

Let L~ : Hk --" H be the smallest closed extension of L, that is, u ~D(L~) if 
and only if there exists a sequence {~m } ~ D(L) such that with some F ~  H 

and 
II ~ .  - u II~ - ~ 0  

II L ~ .  - F II -~ 0 

with m --  

with m ~ or. 

We now list the conditions which shall be assumed in the sequel: 
1 ° L(x ,  D) is a linear pseudo-differential operator C~ ~ ~9 ° such that the 

formal transpose L '(x, D) : C~ ~ ,9 ° exists. 
2 ° Ij(D),j = 1, . . . .  Nare  linear pseudo-differential operators C~ - -  .9 ° with 

the symbol lj(~), where lj(O obeys (2.12). 
3 ° L'(x,  D), Ij(D) and I~(D),j = 1 , . . . ,  N satisfy the property (2.14). 
4 ° The weight function k EYt" and the mappings/~(. ) satisfy (2.18). 

and then by (2.14)/j(D)O lies in C~(R~_) for OE C~(R~_). 
Using the assumption (2.18) we obtain by (2.23) 
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3. O n  the so lvabi l i ty  of  the  dual equat ion L ~ * U  = F 

3.1. Let k and ko be in o~c and let hi, j = 1 , . . . ,  N be in o'¢'(R ~- 1). In this 

section we suppose the assumptions 10-4° of Section 2 (without any particular 

mention). Then we can form the minimal closed extension L ~ : HK --" H of L. 

In the sequel some semi-Fredholm properties of L ~ are considered. 

Let ~(R~. )  be the completion of  Cd~(R~_) in O~ek. Then we have O~k(R~-) = 

~(f i~.) ,  where O~ek(fi~_) is the subspace of O~ek, whose elements u satisfy, 

supp u C R~_. 
We begin with the following lemma, which reveals the structure of the dual 

space H* of H -- Hk0 X ~hl X " " • X ~h," 

LEMMA 3.1. Assume that T is in H*. Then there exists t = (to, t t , . . . ,  tN)~ 

~l/kov(R~_) X ~/h," X • • ' × ~llhl~ such that 

N 

(3.1) T(~) = to(f~) + Y~ tj(Oj) 
j - - l  

for  all ~ = ( 0 , 0 ~  . . . . .  0N)~9°(R~-)X6e(R"-~)X' ' 'X~9~(Rn-I ) ,  

w i t h  = 

Con versely, suppose that t = (to, t~ . . . . .  tN) lies in 

where 

o'¢t]l/k0v(R~.) X ~l /h ,  v X • • • × ~l/h;" 

Then the linear form L :6¢'(R~.) X ,.9°(R n - l )  )< ' ' '  X 6e(R"-~)~C such that 

L(~)  -- to(A) + Y~-l tj(Oj) can be continuously extended onto H. 

PROOF. (A) Suppose that Tlies in H*. then for all W = (Wo, w~ . . . . .  WN)E 

H one has 

N 
(3.2) T(w) = T(wo, 0 , . . . ,  O) + Y. T(O . . . . .  wj, . . . , 0). 

j ~ l  

The functional To : w0--" T(w0, 0 , . . . ,  0) is bounded in HKo and the functionals 

Tj" wj --- T(0, . . . .  0, wj, 0 , . . . ,  0) are bounded in ~hj. Hence one sees that T 

can be written in the form 

N 
(3.3) T ( W )  = To(wo) + Y~ Tj(wj), 

j - I  

where To ~ H~ and Tj E ~ .  
(B) For each Tj ~ ~$j there exists tj E ~ l h ;  such that 
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(3.4) Tj0 = tj(O) for all 0 ~ 5¢(R " - l )  

(cf. [7], p. 43). We will show that  for each T o ~ H ~  o there exists to~/kov(R~_)  
such that  

(3.5) To(0) = to(re) for all OE 5¢(R~,). 

Let To be in H~; then  for all ¢~ E 5¢ 

(3.6) IZo(~'lROI---- < IIToll I1~'1,'+11,2----- < UToll II~'ll~- 

Hence  there exists to ~ o~[k~V such that  

(3.7) To(~ ] l~"+) = to(~U) for all ~, E 

(cf. [7], p. 43). Since to(~U)= 0 for all ~ E C ~ ( R ~ )  one sees that  to lies in 

O~UkoV (R~_) = ~l/koV (R~_). Combin ing  relations (3.3), (3.4) and  (3.7) we obtain 

N 

T ( ~ )  = to(L) + Y, tj(Oj) 
j - I  

for all • = (q~, 01 . . . . .  0u) E 5¢(R~) X ~ ( R "  - 1) X - - -  X 5e(R" - ~), as required.  
(C) Conversely,  we assume that  t = (to, t~ . . . . .  tu) is in aCt~k0~ (R~_) × ~un,~ × 

• • • X ~ u , ; .  Then  the l inear form L given in the assert ion is well-defined, 

since the relation 01 = 02 E 5e(R~_) implies  that  supp(f~, - f¢~) c R"__ (note that  
C~(R~_) is dense in aCt~ko~ (R~_)). We show that  

(3.8) Ito(f~)l =<_ II to II1/ko " l[ 0l l£  for all ¢ESe(R%).  

In fact we obtain for all ~u E C~(R"_) 

(3.9) I/o(f~)l = Ito(L + ~')1 =< II to II,/ko ~ I l L +  ~ I1~o 

and  then  (3.8) is valid. In vir tue of  (3.8) we get for all ~ = (~, 01 . . . . .  0~)~  
oq'(R%) X 5e(R "-~) × . . .  × 5¢(R " - t )  

N 

I t ¢ l  < II to II ,,~ II ¢ I1~ + Y, II tj II ,,~z II o~ I1,, 
j = l  

,,,o, ( ) 
---- II to I1,,~o" + 2 II tj II,,h; II ~ II 

j = l  

(in the product  space H we use the sum-no rm II ~ II g + :cff_t II 0~ lib,). Hence 
the p roo f  is complete .  [] 



50 J. TERVO Isr. J. Math. 

In virtue of Lemma 3.1 the linear mapping 2: H* ~ Jff~/ko" (R%) X ~ l l h ,  v X 

• " " X ~ / h ;  defined by 

(3.11) ~.(T) = (to, t~ . . . . .  tN) 

is a hijection, since ~(R~.) is dense in Hko and 5e(R n- 1) is dense in hi/h;. 

LEMMA 3.2. The mapping 2 : H * - - ' ~ / k ¢ ( R " + ) X ~ / h : X  " "  Xgll/h; 
given by (3.11) is a linear homeomorphism. 

PROOF. 2 is a bijection and by (3.10) 

N 

(3.12) II T II --< II to II ,,ko " + ~ II tj II ,,*; = II 2(T)II .  
j - - I  

On the other hand, for all ~uE~  and 0j E 6e(R n-') 

I to(¢/)l = I T(~u I R'+ ,0 , . . . ,  0) 1 < II T II II ~/I , ' .  II 

---< II T II II ~/II 
(3.13) 

and 

(3.14) 

Hence II to II ,,ko " ~ II T II 
that 

(3.15) 

I tj(0~)l -- 1T(0,..., 0j ..... 0) I ~ II T II II 0j llh,. 

and II tj II ~,h; ~ II T II (cf. [7], p. 43), which implies 

II A(T) II =< (N + I)II T II. 

This proves the Lemma. [] 

As the proofs of the previous Lemmas show, the dual space H~ of Hk can be 
characterized in the following way: 

Assume that F is in H~. Then there exists f ~ Jtt~/k~(R+) such 

(3.16) F(¥ 12"+)=f(¥) for all ~u E g". 

On the other hand, let fbe in ~/k,(R~.). Then the linear form L: 9'(R~_)---- C 
given by L¢  = f (  f~) has the continuous extension onto H k. 

Furthermore, the linear bijection r :  H~ --, .,'f~/k v (R~_) such that x(F) = f is an 

isometrical isomorphism. 

3.2. Define a linear operator .~ : ~'~/ko v (R~_) X ~ / h :  X "" • X gS~/h; -" 

J~/k ~ (R~.) by the requirement 

LEMMA 3.3. 
that 



Vol. 63, 1988 ON SEMI-FREDHOLM PROPERTIES 51 

D(&e) = f ~u = (Uo, u t . . . ,  us)~ac~/kov (R~) × ~l/h: X " "  X ~l/h,: I 
there exis ts f~ g / k  v (R~_) such that 

(3.17) 

" t Uo(L(x, + 2 -- f(¢) for C¢ , 
j - - I  

--f. 

~o is closed and (by 1 °-4 °) densily defined. The connection between operator 
~ ,  just defined, and the dual operator L ~* : H* ~/- /~ is given by 

THEOI~M 3.4. Let2 :  H*---- o~/~,(R~.) X NVh; X " "  X ~/h~ andx:  I-1~--, 
~/k-(R~.) be the linear homeomorphisms given in Section 3.1. Then one has 

~ = x o L ~ , o 2  -~. 

(A) Assume that U ~ D ( L ~ * )  and L~*U = F ,  that is, UGH* 

(3.18) 

PROOF. 

such that 

(3.19) U(L~v) = Fv for all v ~ D ( L  ~) 

with some F ~ H~'. Then due to Lemma 3.1 

S 

(3.20) U(Ct In'+, O, . . . . .  Os) = Uo(q/) + ~ uj(Oj) 
j - - I  

for all (g/, 0 , . . .  , ,  0s)~  Se × 6a(R"-i) × . . .  × 6e(R"-~), 

(Uo, Ul . . . .  , us) = 2U. Hence for all g/~ Cd ° 

U(L(g/]R'+)) = U((L(x, D)g/) [R,+, Yo(lt(O)¥) . . . . .  ~'o(ls(D)¥)) 
(3.21) s 

= uo(L(x, D)~u) + Y. uj(yo(lj(D)g/)). 
j--1 

Similarly one sees that for all g E C~ ° 

(3.22) f ( g  [R'+) = (ra~)(g) "= f(~t), 

where f - -  r.F. Since by (3.19) 

(3.23) U(L(~u [ a'+)) = f(~u ]R'+) for all ~ • C~ °, 

where 

we get from (3.21)-(3.23) that 2UED(.~  °) and that .~8(2U) -- f =  rav. This 
shows that D(x oL ~* o2 -l) c D(~  °) and that .~°u = (x oL ~* o2-~)u for all 
u ~ D ( x  oL ~* o 2-1). 
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(B) Let u be in D ( ~ )  and let ~ u  = f .  Then for all ¢ ~  C$)(R~.) 

(2-~u)(LO) = (2-lu)((L(x,  D)f~)I K. + , ?o(l~(D)f~) . . . .  , Yo(lu(D) f¢)) 

N 

= uo(L(x, D)f~) + Y. uj(Yo(/j(O)f,)) 
j = l  

(3.24) = f(f~) 

= ( x -  i f ) (0  ). 

Thus for all v ~ D ( L  ~) 

(2 - lu)(L~ v) -- (x-If)(/)), 

that is, 2 - ' u ~ D ( L  ~*) and L ~ * ( 2 - 1 u ) = x - ' f .  This shows that D(£e)C 
D(x oL-*  o2 -t) and so the proof is ready. [] 

Since x and 2 are linear homeomorphisms and since the range R(L ~*) is 
closed if and only if the range R (L ~) is closed (for the general theory of closed 
dense operators cf. [8], pp. 163-236), one obtains 

COROLLARY 3.5. The range R(L ~) is closed in H if  and only if  the range 
R(.~q ~) is closed in ~/kV (R%). 

Furthermore, it is easy to see 

COROLLARY 3.6. Suppose that R(~t') is closed. Then one has 

dim N(L ~) = codim R (&~°), 

dim N(.~ °) = codim R ( ~ - )  

(3.25) 

(3.26) 

and 

(3.27) ind(L ~) :=  dim N(L ~) - codim R(L ~) = - ind(A"). 

Here N(L ~) (and N(.~)) presents the kernel o fL  ~ (the kernel of  .~, resp.). 

Combining Corollaries 3.5 and 3.6 one sees that L~ is a (semi-)Fredholm 
operator if and only if ~ is a (semi-)Fredholm operator. The following 
Corollary is also obvious 

COROLLARY 3.7. Suppose that R(.~) is closed. Then the relation 

(3.28) R ( £  t') = ..~,k v (R~.) 
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is true i f  and only i f  

(3.29) 

Similarly, the relation 

(3.30) 

is true i f  and only i f  

N(L-)  = {0}. 

R (L- )  = H 

(3.31) N(&e) = {0). 

3.3. The existence of  solutions .~u = f c a n  be characterized in the follow- 
ing way: 

THEOREM 3.8. Let u = (Uo, ul, . . . , Ul~) be in ~l/ko'(R~-) X ~Uh,V X • • • X 

~ / h ;  and let f b e  in ~ / k  ~ (R~). Then u lies in D ( ~ )  and .~u = f i f  and only i f  
uoED(L #) and one has 

N 

(3.32) ~(L~uo  - f ) (~)  + Y. (27r)-~/j( - ~)(~r~_~uj)(~') = 0, 
j = l  

a.e. ~ = (~', ~ , )~R".  Here the operator 

L# '~ko ,  --" U ~ k  
kEar  

is defined by 

D(L #) = { v~  act~u~ I there exists f E Ukear ,Jcek such 

(3.33) that v(L(x,  D )O) = f(O) for all q) E C~ }, 

L*)v= f .  

PROOF. (A) Suppose that for all ~E  C8 ° one has 

N 

(3.34) uo(L(x, D)f)) + Y~ uj(?o(lj(D)~)) = f(fb). 
j--I  

For all ~ C~ we have the estimate 

N 

l uo(L(x, O)0)l < If(~)l + Y, l uj(Yo(/j(O)0))l 
j--I  

(3.35) 

---< II f l l  ,,v II ¢ Ilk + Y, II uj II ,,h; II ro(lj(D)¢)IIh~" 
j--I  
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In virtue of (2.22) 

II ?o(/j(D)¢)II~, 

= (2n) -c~-I) .f.._, J.~ _ l(YO(~(D)~))(~')hj(~')12d~ ' 

(3.36) 
=<_ (2n)-"  I/j(~', t)(.~¢)(~', t)ldt Ihj(C)12dC 

n - i  

<ci1¢112 k,~ 

where m is chosen so large that 

Jlj(~)hj(~')llqw2)+,)(~) < C'km(~) for all ~ E R  ~. 

Due to (3.35) and (3.36) one sees that the linear functional ¢--- uo(L(x, D)(~) is 
bounded in some space ~ , .  Thus one can find an element g ~ JCl/k,~ such that 

uo(L (x, D)fb) = g(f~) for all ¢ E C~, 

that is L #uo = g. 
By the relation (3.34) we obtain 

N 
(3.37) (L#uo-  f ) (#)+ Y~ uj(?o(lj(D)¢~))=O fo ra l l#~C~ °, 

j - I  

and then by (2.22) 

(3.38) 

f N (L #uo --f)(#) + (2/t) -fn-i) ~ (...~n-luj)( ~').~n-l(Yo(lj(D)#))( ~')d~" 
j I 

f N = (L*uo - f)(#) + (27r) -~ Y~ (~_~uj)(~')  
j - I  

.(f 
= (2x)-"  fro" ;ff(L #u° - f ) ( t / ) ( : # ) (  - (/)dr/ 

+ ( 2 n ) - n f E  ~ ( . f f~_~uj ) (~ , ' ) l j ( -~ ' , - t ) (~#)( -~ ' , - t )d td~ '  
" j - I  

--0. 

Thus we get the validity of the relation (3.32). 
(B) Conversely, suppose that the relation (3.32) holds. Multiplying (3.32) by 
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( 2 7 r ) - n ( 3 ~ ' O ) (  - ~/) and integrating over R n one sees by (3.38) that u lies in 
D(£e) and that ~ u  --f .  Hence the proof is complete. [] 

3.4. Recall that the boundary operators/i(D) satisfy the condition (2.14). 
Then (cf. (2.24)) one sees that 

/ /j(D)¢~E C~(RZ) for ~E C~(Rt) and 

(3.39) [/i(D)¢ ~ C~(R~.) for ~E C~(R%). 

Let u be in D(.~) and let .Wu = f. Then u0 lies in D(L #) and 

N 
(3.40) (L#uo - f)(~)) + ~ uj(7o(lj(D)¢)) -- 0 for all ¢~ C~. 

j-I 

Hence one sees by (3.39)-(3.40) that 

(3.41) supp(L#u0 - f )  C l~ := {x ~R  n I x~ -- 0]. 

L~MMA 3.9. Suppose that 0 lies in C~(R) and define ~ : R  ~-~C with 
~)(xl, . . . .  x~) = O(x~). Then for each k E Y :  

(3.42) II O llk- -< II o II  llk forallfb C , 

where the function ME : R ~ R is defined by 

ME(t) = Mk(O, 0 . . . . .  O, t) 

(Mk E~f" is defined as in [7], p. 34). 

PROOF. For every ~ = (C, ~n)E R ~ one has 

(3.43) 3~r(~O)(~) = : a  O(t )(3~'~)(~', t) e-'tc.,°dt, 

where ~ '  is the partial Fourier transform defined by 

( ~F ' fb )( ~ ', t) = : r  - ' ¢( x', (3.44) t)e-i(x',Odx,. 

Hence we get 
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c~(Ofb)( ~) = :n  ((27t)-l :R (2~O)(s)ei(S't)ds) (c~r'~)( ~', t)e-it¢,'t)dt 

(3.45) = (2~z) -~ : i t  (~O)(s )~( (3r '¢ ) (~"") ) (~n  s)d$ 

= (2n) -i f ~  ( ~ O ) ( s ) ( ~ ) ( ~ ' ,  ~ - s)ds. 

For all ~ = (~', ~n)~R ~ and s E R  we have 

(3.46) k(~)<Mk(O,. . . ,O,s)k(~' ,~ -s)=M~,(s)k(~' ,~ - s ) .  

In view of (3.45)-(3.46) one obtains 

RI ~(O0)(~)k(~)  I Zd~, 

(3.47) I(~O)(s)M~(s)lds)2 f .  I(,f~)(,',t)k(,',t)12dt 

-- II o I1%', : ~  I(~0)(~ ' ,  t)k(~', t)lZdt. 

and then we can conclude the validity of  (3.42) by integrating both sides of  
(3.47) with respect to ~' (after multiplying with (2n)- tn-  1)). [] 

Let g b e  in Jerk' with supp g C l~. Furthermore, let 0 ~ C~(R) with O(x) = 1 
in the interval [ - l, 1]. Then one sees that 0g = g. Since Ot m (with m ~ N )  lies 
in C~(R) we obtain by (3.42) that 

(3.48) II x~g Ilk, =< 

Furthermore we have 

II Otm II ~.~ II g II,,. 

COROLLARY 3.10. Let u=(Uo, U~,...,u~:) be in ~l/kov(R~+)×~Vh: 
X .." × ~l/h; and letfbe in M'l/kv(R~.). Then u lies in D(.Y) and.~u = f i f  
and only if uo~D(L #) and with each m EN0 one has 

N 
(3.49) ~(xm(L#uo- f))(~)+(27t) -~ X Ij[m](~)(~n-lUj)(~t)~-O 

j=l 

a . e .  ~ --- (~', ~n)~R n, where 

lJml(~) :=  (DT li)( - ~). 

PROOF. (A) Due to Theorem 3.8 the validity of(3.49) (with m = 0) implies 
the validity o f . ~ u  = f .  
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(B) Conversely, suppose that .~u = f. Then by (3.37) we have for each 
m ~N0 

N 
(3.50) (L#uo -- f ) ( x ~ ¢ )  + 2 uj(7o(lj(D)(x~)))) = 0 for all ¢~  Cg. 

j = l  

Hence for all q~  Cd ~ (cf. (3.38)) 

-" 1 .~(x~'(Luo -- f))(~/)(~¢)( - ~/) 
J R  

+ (2rt)-" fR'-' fl~ (~n-lUj)(~t)0m]( ~'' t ) (~ '~)(-  ~ ' , -  t )d t  d~' 

(3.51) = (L *uo - f ) (x~O) 

+ (2n)-" ~ fre- '  f R  ( ~ - ' u J ) ( ~ ' ) l J ( - ~ " t ) ~ r ( x ~ ) ) ( - ~ " - t ) d t d ~ '  
j = l  

= (L ~* Uo - f ) ( x 2  0) + 

since by partial integration 

N 

ui(?o(lj(D )(x~ q~)) ) = O, 
j = l  

fRltm](~ ', -- ~', -- t)dt = J R -  ~'' - t)D~(3$~)( - ~', - t)dt 
t ~ 

t)(~3~)( tj( 

f R  lj( - ~', - t ) :~r(x~)(  - ~', - t)dt. 

Thus the assertion follows from (3.51). 121 

3.5. Suppose that u = (Uo, u~ . . . . .  U N ) E D ( ~ )  and that .~u = f .  Let k ' ~  
such that L'u0 - f E  ~k' and choose t ~ No with 

(3.52) (1/k' v) < Ckt. 

LEMMA 3.11. Suppose that g lies in ~k, such that supp g c 1~. Then 

(3.53) ~ ( x ~ g ) ( ~ )  = 0 a.e.  ~ E R " ,  

where t EN0 obeys (3.52). 

PROOF. We obtain for all ~ and ~u~C~ and for all O~  Cd°(RL) 
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(3.54) 

and then 

(3.55) 

I(xA g)(~) - g(~)l = I g(xt,, qb) - g(q/) I 

_-< c IIg I1~, II x,' ~ -  ~ - o  I1~ 

I(x~' g)(¢)  - g(~/) I _< c II g II ~, U (x~' ~ -  ~/) I,.+ II, 

where [I " II, denotes the norm in the Sobolev space H'(R~) (cf. [5], p. 39). 
Since xtO IR'+ lies in H~(R~.) there exists a sequence {~} c C~(R%) such 

that II (x~ 0 -  ~ )  I~'+ II, ~ 0 with j --* oo. Because g(~j) = 0 for each j E N 
we obtain by (3.55) that (xtg)(O) = 0 for each OEC~, that is, x~g = O. Thus 
the proof is complete. [] 

The next Theorem follows immediately from Corollary 3.10 and I_emma 
3.11. 

THEOREM 3.12. Suppose that u =(uo, u~ . . . .  ,u~) lies in ~/kov(R~.)X 
~ / h :  X . . .  X ~l/h; and that f l i e s  in ~l/kv(R~.). Then u lies in D(.~) and 

.~u = f i f  and only i f  uoED(L ~) and 

(3.56) supp(L#u0- f )  c l~, 

N 

(3.57) : ( xm(L#uo  - f))(~) + (2n) -~ ~ l}ml(~)(~-~Uj)(~ ') = 0 
j - - I  

a.e. ~ -- (~', ~ ) E R  ~, when m E{0 . . . .  , t - 1} and 

N 

(3.58) ~ l}ml(~)(~_~uj)(~')=O a .e .~- - - - (~ ' ,~)ER ~, whenm>-_t. 
j - I  

Here t ENo is chosen so that (3.52) holds. 

The condition (3.58) is interesting because it restricts the partial derivatives 
/lml (~) of the symbols of the boundary operators/j(D). 

4. On the correct solvability of the equation L ~ U --  F 

4.1. In this section we establish a criterion for the validity of the relation 
R (.~) -- ~ k ,  (R%). This is utilized to obtain the coercivity of L. For the first 
instance we consider the existence of distributional solutions for the equation 

(4.1) L O v = f  inR% 
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with vE ~/kov (R~.) and fE  ~/k ~ (R~.). More precisely, we give a criterion under 
which, for eachfE ~/k ~ (R~), one can find vE,~f~l/~¢ (R~) such that 

(4.2) v(L(x, D)¢) = f(¢) for all ¢~  C~(R~.). 

We have to set many kinds of further assumptions besides the general 
assumptions 1"-4". We denote L+* v = fwhen (4.2) holds. 

The following theorem is an immediate consequence of the Lax-Milgram 
Theorem (el. [5], p. 41). 

TnFOREM 4.1. Suppose that there exist constants c > O, C > O, and C' > 0 
such that for all ¥, ~)E Cd°(R~) 

I(~', Z(x, O)~)l < C II 11,,4 II II 

I(~,L(x,D)~)l ~ c  II 112, o forall~C¢(R~+) 

(4.3) 

(4.4) 

and 

(4.5) k _-< C'(1//Co). 

Then for each f ~ ,,'f~/kv (R~.) there exists a unique v~ ~/k¢ (R~.) such that 

(4.6) L +* v = f. 

Suppose that L(x, D) satisfies the property 

(4.7) L(x, D)~E C~(R~_) for ~E C~(RL). 

Let vE~zko,(R~.) and let f E  o~¢t%, (R~_) be elements such that (4.6) holds and 
rED(L*). For all ~ECd°(R5) one has 

(L % -  f)(¢) = v(L(x, D)¢) --f(¢) = O, 

supp(L*v-  f )  C P~. 

Define a determinant D(~) by 

. . .  
(4 .10)  D ( ~ )  = : 

Let Fmj(~) be the algebraic component of IJml(~) in the determinant D(~). 
Assume that D(~) ~ 0 for all ~ ~R ' .  We show 

(4 .8)  

and then 

(4.9) 

4.2. 
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THEOREM 4.2. Suppose that one can find weight functions k' and l~mj Eof" 
(for (m, j )~  (0 . . . .  , N - 1 } X ( 1 . . . .  , N}) such that with K and C > 0 

(4.11) IFmj(~)/D(~)I ~Kt~mj(~) forall~ER", 

(4.12) (1/k' v) ~ CkN, 

for each element f E ~lZk,(R"+) there exists an element vE,,~/,o~ (R~_) N D(L#) 
with 

(4.13) L#v--f~k , and supp(L#v-f) C I~, 

(with 7 > O) 

(4.14) 7(1/hjv ( ~')) < "--( J ,  (k'( ,', t)/ICmj( ~', t))2dt) 
# 

and 

a.e. ~ '~R "-I 

(4.15) I!N](~)=0 f o r a l l ~ R " ,  j ~ { l , . . .  N).  j 

Then the relation 

(4.16) R (&~') = "~/k" (R~_) 

holds. 

PROOF. (A) Let 0 be in Cd ° such that 0(0) = 1. Define functions 0t E Cd ° by 

Ol(X) = O(x/l). Suppose that f i s  in ~l/k" (R~.). Choose vE ~/ ,0  V (R~.) such that 
(4.13) holds. Let g be a distribution in o~, such that g = L*v - f .  Then one has 
supp g c P~. 

With each 1 E N and m E No the distribution Otx~ g has a compact support in 

R". Hence its Fourier transform ~(Otx~g) lies in C®(R"). Define for j ~  

{ 1 . . . .  , N} functions wJ E C~(R ") by 

N - I  
(4.17) ~ , / ( ~ ) = -  Y, (27r)(-1)m+JFmj(~)~r(Otx~g)(~)/D(~). 

m--0 

Then by the Cramer rule one has 

N 
(4.18) .~r(Olxnmg)(~) + Y, (27r)-1~"](~)~](~) = 0 

j--1 

for all ~ER" and m E{0, . . . .  N - 1}. 

(B) In view of (4.18) one gets 
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f: t , ( -  ¢)(z).,j)(¢)= D. x ~( - ¢),J(¢) + ~EI,(¢),j(¢) 
jffil j I - -  

N 

(4.19) = (2n)..~r(Otx, g)(~) + Y. ~](¢)~J(¢) 
j = l  

= 0  

for all ~ E R". Similarly we see by (4.18) that with each 0 < m < N - 2 the 
relation 

N 
(4.20) • ~m](¢)(D.~J)(¢) = 0 for all CER" 

j - l  

holds. 
In virtue of Lemma 3.11 (with each 1 E N) we get 

(4.21) ~(Otx~g)(¢) = 0 for all ¢ ~ R". 

Since ~ ] (~ )  = 0 for all ~ E R" we obtain by (4.18) 

j - I  j = l  = 

N 

(4.22) = (2n)~(Otx~g)(~) + E ~ 1 ( ~ ) ~ ( ~ )  
j - I  

= 0  

for all ~ ~ R". 
Let ~' be in R "-1. Since D(~',  t ) ~  0 for all t ~ R ,  one sees by (4.20) and 

(4.22) that 
(D,~J)(~', t) -- 0 for all t E R  

and then 

(4.23) a,J(C, t) = a,J(C, 0) for all t ER.  

(C) Let O be in Cd ~ such that O(x) = 1 for all x E [  - 1, 1]. Define functions 

~J : R " - I - ' C  by 

(4.24) ~k](~ ') = ~J(~', 0). 

Then we get by (4.14), (4.23), (4.11), (4.17) and (3.36) 
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y21 ~,J(~, ) __ ~](~,) 12(1/h v (~,))2 

< fR I (~J(~', 0 ) -  ~j(~', 0))(k'(~', t)/l~mj(~', t))12dt 

= f~t I(kJ(~', t) - ~,j(~',  t ) ) (k ' (~ ' ,  t)//~mj(~', t))l~dt (4.25) 

N-I ~R < K 2 Y, I ( ~ ( O t x . ~ g ) ( ~  ', t) - ~ ( O i x m g ) ( ~  ', t ) )k ' (~ ' ,  t)12dt 
m - - O ~  

= K 2 [ ( ~ ( O x m ( O t g  Oig))(~', t ) k ' (~ ' ,  t)12dt, 
m--O 

where O : R "  ~ R  is defined by O(x~ . . . .  , x , ) =  O(x.). Hence by integrating 
over R ~- t one sees by (3.42) that 

fn ' - '  I ~,J(~') - ¢vj(~')12(1/hj~(~'))2d~ ' 

(4.26) s - t  
< g~(2n)" Y, II Otm II z --- ,,~r~ II O~g - O,g IIg'" 

m--0 

Since II O,g - g II k' is tending to zero with 1 --- oo, we obtain by (4.26) that there 
exists an element ¢v~ ~ L~(R ~- 1) such that 

f a ._ ,  I ¢vJ(~')/h~ ~ (~')) - ff~(~') 12d~ ' ~  0 with 1 --- (4.27) OO. 

Hence one can find a subsequence {~J'/hj ~ } of {~J/hy ~ } such that 

/~J'(~') ---- h~ (~') ~,~(~') a.e. i n R  "-~ (4.28) 

and 

(4.29) ~(Ot ,  g ) ( ~ ) - - * ( ~ g ) ( ~ )  a.e. in R" 

(since II Otg - g Ilk'--" 0 with 1 --- oo). 
Thus by the relation (4.18) 

N 
(4.30) (~g) (~)  + • Om](~)Cvj(~')hj v (~') = 0 a.e. in R". 

j--I 

Since ~bj belongs to L2(R"-~), the distribution generated by the function ¢vjhj v 
lies in ~'(R"-1).  Let wj be in 6e'(R"-t) such that ~ ,  = ~wj = (2n)~,jhj  v . In virtue 
of(4.30) and Theorem 3.8 we obtain that (v, w~ , . . . ,  wN) lie in D(.~q') and that 
.~u = f. Hence R(.~ °) = , a ~ l l k  v (R%). 17 
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REMARK 4.3. For all 1 6 N one has (cf. the proof of the inequality (4.25)) 

~21 ~](~,) 12(1/h ~ (~,))2 

(4.31) 
< K 2 ~ f ~  I~r(Ox~Otg)(~', t)k'(~', t)12dt" 

m--O 

Hence the distributions wj obey 

II w~ II ,,h; <= (K/7) II Otm II br~ II g I1-'\ 
1/2 

-0 
(4.32) (Nm~ - 1 ) 1/2 

= ( K / r )  II Otto Ilbr, I I t * v - f l l  g, • 
0 

COROLLARY 4.4. Suppose that 

(4.33) 

(4.3) 

(4.4) 

(4.5) 

II L'(x, D)O II ,,~" ~ C II 0 II ,,~o " 

I(~, t (x ,  D)O)I ~ C II ¥ II ,1~o II ~ II ,,ko 

I(~, Z(x,  O)0)l > c l[ ~ II ~,ko 

k <= C(1/ko), 

for all 0 ~ C~°(R~_), 

for all ¥, (~E C~(R~.), 

for all e)~ C~(R~.), 

(4.34) k < CkN, 

(4.11) D(~) :~0  and IFmj(~)/D(~)I<K~mj(~) foral l~ER",  

(4.14) ~(llhj(~')) ~ (1/limjk~)(~ ', t))2dt a.e. in R ~-' 

and 

(4.15) 

Then 

~NI(~)=0 f o ra l l~ER ~, j E { 1  . . . . .  N}. 

(4.16) R ( ~ )  = ~ , r  (R~). 

PROOF. In virtue of(4.3), (4.4), (4.5) and Theorem 4.1 one obtains that for 

each f E  ~f~l/k" (R~.) there exists v E ~/koV (R~.) such that L~ v = f .  

Let {~n} be a sequence in Cd~(R~_) such that II ~n - v II ~,~v--'o with n ~ oo. 
Then by (2.14) and (4.33) the sequence {L'(x, D ) ~  } lies in C~'(R%) and it is a 
Cauchy sequence in the space ~/kv(R~.). Let h ~,rt~/kv(R~.) such that 
II L ' (x ,  D)¢~ - h II ,,k" --" o. It is easy to see that h -- L * v and then the distribu- 

tion g :=  L*v - f lies in ~t/k v and supp g C R~. Hence the assumptions (4.34), 
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(4.11), (4.14) and (4.15) give in virtue of Theorem 4.2 the validity of(4.16). [] 

COROLLARY 4.5. Suppose that the assumptions of  Corollary 4.4 hold. Then 
there exists a C > 0 such that 

(4.35) l] 0 I1~ + --< C II L(x, D)fb 114 + Y~ II ?0(/j(D)f~)II 
j = l  

for all OE C(0%(R~.). 

PROOF. Since by Corollary 4.4, R(.~) -- .,~/k v (R~_), the Corollaries 3.5 and 
3.7 imply that R(L ~) is closed and that N(L ~) = 0. Hence there exists a 
constant C > 0 such that 

II u II 2 --< II L~u  II for all u ~D(L~) ,  

which implies the validity of (4.35). [] 

4.3. Let L ( . )  be a polynomial R n ~ C. Furthermore, suppose that there 
exists k E o~l" and hj Eo't"(R n- 1) such that 

(4.36) IL(~)I<Ck2(~) and ReL(~)>ck2(~)  f o r a l l ~ R  ~, 

a(l  + ~2n)r/2k_q(~' ) ~ k(~) < p ( 1  + ~2)"2hj(~') for all ~ = (~', ~ ) ~ R  ~ 

(4.37) 

and 

(4.38) hj(~') -<_ kr(~') for all ~ ' ~ R  "-~ 

with some constants a > 0,/~ > 0, r E N and q ~ N. The boundary operators 
Ij(D) we assume to be the operators defined by / j (D)  =/Tn - t ,  j = 1 , . . . ,  r. 

Then it is clear that our general assumptions 1"-4" are valid (with respect to k, 
L(~)  and ~-~ ,  j -- 1 . . . .  , r). 

Let /co and/~,~j be defined by/co = 1/k and k , , j (~)= (1 + ,y2),(,-t)~4. Then 

one has 

L'(D)O II ,~,~- -- (2=)-n .f,,. I L(  - ~)(~rO)(~)(1/k( - ~))12d~ II 

(4.39) 
__< c II 0 II b = c II 0 II ,2,k," for all 0 E C~, 
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(4.40) 

I(¢}, L(D)¢)I > Re(C, L(D)¢) > c II ¢ I1~ = c II ¢ II ?,~ 
(4.41) 

I(~u, L(D)~) I = (2n) -~ JR" (~'¢')(¢)L(¢)(~r~)(¢) d¢ 

_< c II v/II k II ¢ II 

-- C II ~' II ,,~o II ¢ II ,,ko for all ¢/, ¢ ~  Cg,  

for all ¢ E C~ °. 

and so 

In addition, we have 

J'(j -- 1 ) . . . ( j  -- i ) ~  -~- ' ,  

0, 

(4.42) D(~) -- 

1 - 4  
0 - 1  

0 0 

= ( - 1 ) ' ( ' - 1 ~ 2 ( 1  . .  . ( r  - I ) ! )  = :  a ~ 0 

i < j - 1  

i > j - 1  

~-t  

- ( r  - 1 ) (  - ~ ) ~ - 2  

( -  1y- re ( r -  1)! 

for all ~ E R ~ 
and 

(4.43) [Fmj(~)[ --< C(1 + ~2),tr-t~4_ Cl~my(~ ) 

In virtue of (4.37) we obtain 

f a (1/(~mjk v)(~,,  t ))2dt 

(4.44) 

for all ~ ~ R n . 

[ .  
>_-- ( l /C) J n  (l/hi( - ~'))2(1/(1 + t2)t't'-1)/2)+r)dt 

=:  72(1/hjv (~,))2 for all ~ ' ~ R  n-l. 

Hence all the assumptions of Corollary 4.4 are valid and then 

COROLLARY 4.6. Suppose that L( .  ) : R" --, C is a polynomial and that k is 

in O¢" such that there exist q and N ~ N with 

(4.36) IL(~)I _--< Ck2(~) and ReL(~ )~ ck2 (~ ) ,  

(4.37) a(1 "~- ~2)r/2k_q(~t) <_~ k(~) <_~ fl(1 + ~2)'/2hj(~') 

and 
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(4.38) hj( ~') < kr( ~') 

for all ~ = ( ~', ~ ) E R  n. Then there exists a constant C > 0 such that 

(4.45) II¢llk + <--_ C (  [I L ( D ) ,  Ilffk + ~ II 70(/Tn-'f,) lib,) 
j--I 

for all ¢E Ct~(R~). 

In the case of the Laplace operator L(D) = D 2 + D 2 the weight functions k 
and h i can be chosen to be k(O = (1 + 1~12) ta and h,(~')= (1 + 1~'12) 1/2. 
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